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RELATIONS BETWEEN Hp AND Lp WITH

POLYNOMIAL WEIGHTS

BY

JAN-OLOV STRÖMBERG AND RICHARD L. WHEEDEN1

Abstract. Relations between Lp and HI of the real line are studied in the case

when/? > 1 and u(x) =\q(x)\pw(x), where q(x) is a polynomial and w(x) satisfies

the A condition. It turns out that Hp and Lp can be identified when all the zeros of

q are real, and that otherwise Hp can be identified with a certain proper subspace of

Lp. In either case, a complete description of the distributions in Hp is given. The

questions of boundary values and of the existence of dense subsets of smooth

functions are also considered.

1. Introduction. In this paper, we study relations between Lp and Hp of the real

line, where l<p<oo,w = «(x)isa nonnegative weight function,

L'=\s-(fR\S(x)\Pu(x)dx]j   " <oo|,

and Hp is the corresponding Hardy space. To define Hp precisely, let S be the

Schwartz space of rapidly decreasing functions, S' be the space of tempered

distributions, and for /£§', let Ml denote the nontangential maximal function

defined by

Ml(x) = (Myj)(x) =      sup       \(l,4>,tt- -)>|,
a,0ery(x)

where Ty(x) is the cone in R2+ of points (£, f) with | x — £ |< yt, y > 0, <p E S,

<j>,(x) = t~x<p(x/t), t > 0, and (l,xp) denotes the action of / on xp. Then Hp is

defined to be the collection of / £ S' such that My<j>l E Lp for some y > 0 and some

<f> with JR<pdx ¥^ 0. If u merely satisfies the doubling condition /2/ udx < cj, u dx,

where / is an interval, 27 is its double and c is a constant independent of /, then the

condition that / E Hp is known to be independent of any particular y > 0 or <i> E S

with /R <f> dx ¥^ 0 (see [9]). We will use the notations

ll/II^HI/IU^/j/^p
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and

\m lMrJL<
for some fixed choice of y and <b, fR<pdx ¥= 0.

If u satisfies the Ap condition

(îV/"(xV*)(ïV,"(x)i/(p-d dx

p-\

*£ c 1 <p < 00,

where c is independent of /, then Hp and Lp can be identified in the sense that every

f E Lp generates a distribution lf E Hp defined by (lf,<p)= fRf(x)<b(x)dx,<b E S,

and to every / G Hp, there corresponds a unique/ E Lp such that / = L. Moreover,

in this correspondence, II / II L„ and || /1| „P are equivalent. These results are well-known

corollaries of the fact (see [6]) that the transformation / -» /*, where /* denotes the

Hardy-Littlewood maximal function off, is bounded on Lp, 1 < p < oo, if u E Ap.

The weights u considered in this paper for Lp and Hp will belong to Ar for some

r > p but will not belong to Ap. Their specific form is u(x) = | q(x) \pw(x) where q is

a polynomial and w E Ap. Thus, u may have zeros of large orders, and consequently,

functions in Lp are not generally locally integrable. The motivation for considering

such u stems from several places. First, they arise in [8] in multiplier questions for

Lp. Since multiplier results are also derived in [9] for Hp, we wished to relate Lp and

Hp for this type of u.

As further motivation for studying such u, let us consider a variant of the Hubert

transform. We introduce this variant only for illustration since our proofs do not

require any facts about Hubert transforms. Let u =| qfw where q is a polynomial,

1 < p < oo, and w Ap, and define

(1.1) Hqf(x) = py.j f(z)
1     q(x) - q(z)

q(x)        x — z
dz.

The identity

1     q(x) - g(z) _     1      q(z)

q(x) q(x) x

shows that Hqf(x) = (fq)~ (x)/q(x), where "~ " denotes the ordinary Hubert

transform. Hence, by the principal result of [4], since w E A   we have

\H„ \\(So)- ÍSq\\p.w = c\\f\\fqJ lip,«

that is, Hq is bounded on Lp.

Next note that if q has degree M, then (q(x) - q(z))/(x — z) is a polynomial in z

of degree M — I. Hence, if the first M moments of/exist and equal zero, i.e., if

(1.2) ff(z)z' dz = 0. i = 0,...,M- 1,

it follows that Hqf = /. Condition (1.2) is clearly satisfied for any M if / belongs to

the space S0 0 of functions in § whose Fourier transforms have compact support not

containing the origin. Conversely, a result of E. Adams [1] states that if u satisfies
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the doubling condition and the mapping /-»/ satisfies \\f\\p¡u < c\\f\\p u for all

/ E S00, then u must have the form u = | q fw where q is a polynomial and w E Ap.

Thus, in a sense, such u are the only weights for which the Hilbert transform is

bounded. This can be used to show that if u satisfies Ar for any r and the mapping

/-» Mf satisfies HM/II,,,, < c||/ H,,u for all/ G S00, i.e., if

(1-3) H/1lfff<c||7lL;,       /eS0,o.

then w must have the form above. In fact, the norm boundedness of Mf implies that

of the usual (harmonic) Lusin area integral Sf, and since Sf= Sf, also of Mf(see [3,

9]). Since M/pointwise exceeds |/|, it follows that the assumptions of Adams' result

hold, and therefore that u has the desired form.

The fact that Hq is bounded on Lp for such u makes it reasonable to conjecture

that Lp and Hp should coincide. This, however, is not generally the case. The key

point to consider turns out to be whether or not all the zeros of q are real. We will

systematically use the notation Q(x) to denote a polynomial all of whose zeros are

real. The degree of Q will always be denoted N and its distinct zeros will be {ak}"k=x.

We normalize Q so that

Q(x)=  fl   (x-akr,
k=\

fik being the order (multiplicity) of the zero at ak. Associated with the partial

fraction decomposition of l/Q, namely

1 "      *** A(14) —— = Y   Y kJ

1     j Q(x)     ¿ièi(x-akf

will be the distribution

n      V-k a

(1.5) q> = q>Q= 2    2  TTZIïtC0'

where 8^ denotes the ¿th derivative of the delta function at a. tf) is of course

supported at the ak's. If F(x, y) is a function, 6D F will denote the action of ty on 7"

as a function of y. It follows directly from (1.4) and (1.5) that

^(l/(x-y))=l/Q(x).

If <b is a function whose derivatives of order ju^ — 1 exist at ak, k = 1,...,n, define

(1.6) %(x) = %C(x) = Q(x)^(<p(y)/ (x - y)).

We will discuss the principal properties of 9 in the next two sections. Here, we

mention that <? is a polynomial in x whose first fik — 1 derivatives at ak coincide

with the corresponding derivatives of <b at ak. Such a polynomial is called an

interpolating polynomial; rather than trying to deduce its properties from known

facts, we will give direct derivations based on (1.6).

We introduce 6s in order to consider modified convolution operators

/A*)[*(*-*)-*&-.,(*)]*■
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Our motivation again comes from the Hubert transform. In fact, the term subtracted

in (1.1) from the usual kernel \/(x — z) of the Hubert transform may be written

1      Q(x)-Q(z) __ Q(z)

Q(x) x — z x — z

Ô(*)

1 1

x — z

Q(z)

Q(z)    Q(x)

$.

<$.
— -,   y

z - y

x — z

(z- y)(x- y)

= ß(2n(M^)=?1V.)(z).

Our main results for the case when q has only real zeros are given in the following

two theorems.

Theorem 1. Let 1 < p < oo, Q be a polynomial of degree TV with all real zeros, and

f(x,,)=jf(z)hl(x-z)-%Q(x_.)(z) dz,

where (1 + | x \)a+ ' | <i>(o)(*) | is bounded for a = 0,... ,7V. 7/

x

Nxf(x)=     sup *
(í.oeR2+W      |X

\SU,t)\,

then for X > N + l,X> 1, there is a constant c independent of f such that || NjJ ||      *£

c II / II     , where u — \ Q \pw, w E Ap. In particular, the nontangential maximal function

Mf satisfies \\Mf\\pu<c\\f\\pu.

We will also prove a weak-type version of this result when p = 1.

Theorem 2. Let 1 < p < oo and u — \ Q \pw where Q is a polynomial with all real

zeros and w E A . Then Hp and Lp can be identified in the following sense: there is a

unique correspondence between distributions I E Hp and functions f E Lp given by

(l,*) = j¿(z)[<P(z)-%e(z)]dz,     <i>eS.

Moreover, in this correspondence || / II Hp and \\ f \\ LP are equivalent.

As a corollary of Theorem 2, we see that the Hfyw norm of / is equivalent to the

Hp norm of fQ. We will also show directly in §6 that the function

f(x,t) = (lf,<l>t(x- •)>

converges pointwise almost everywhere and in Lp norm to/as / — 0.

If q has d complex roots, counting multiplicities, then

cx^\q(x)\/(l+\x\2)d/2\Q(x)\<c2

for positive constants c, and c2, where Q contains all the real zeros of q. Hence, we

may assume without loss of generality that

u(x) = (l + \x\2YP/2\Q(x)fw(x).
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Again using the Hubert transform for motivation, note that if q — qxQ where qx has

degree d > 1, then

1     q(x)-g(z)=     1      Q(x)-Q(z)   |      1 qx(x) - qx(z)

q(x)        x-z Q(x) x-z q(x) x-z

Since (qx(x) — qx(z))/(x — z) is a polynomial in z of degree d — 1, the second term

on the right is the sum of terms of the form ct(x)Q(z)z', i = 0,... ,d — 1. It follows

that if

(1.7) f f(z)Q(z)z¡ dz = 0,       i = 0,...,d-l,

then

l l    Q(x)-Q(z)
/y(*) = p.v.//(z) dz = HQf(x).

-z      Q(x)        x-z

Thus, HQ is bounded on the subset of Lp of functions / satisfying (1.7). This subset

can be identified with Hp as the following result states.

Theorem 3. Let 1 < p < oo, d be a positive integer and u — (\ + \x \2)dp/2 | Q fw,

where Q is a polynomial with all real zeros and w E Ap. Then Hp can be identified with

the subspace of Lp of f with /R fQx' dx = 0 for i — 0,... ,d — 1. The identification is

given by

(l,<t>) = f¿(z)[<t>(z)-%e(z)]dz,

l E Hp, f G Lp, and || /1| Hp is equivalent to II / II L;.

As a corollary of Theorem 3, we will see that the Hp norm of / with weight

u - (1 + \x\2)dp/2\ Q\pw is equivalent to the Hp norm of fQ with weight

(1 + | x \2)dp/2w. We will also derive the general form for embeddings of Lp in Hp

which are the identity on Hp.

In the last section of the paper, we prove several results about the density of S00

in Hp. While our proofs are direct, we mention that some of the results can be

obtained indirectly as corollaries of Theorems 2 and 3 and the density results in [9].

Finally, we list some notation and basic facts. From the definition of Ap, we have

that w EAp, 1 <p < oo, if and only if w~x/(p~X) E Ap,, l/p + l/p' = 1. Also,

from [4], if w E Ap then

/     TTi^è/    w^dx'     r>0-
J\x\>r   \xf rp J^<r

In particular, both w(x)(l + | jc |) ^ and w(xyx/{p~X)(l + \x\yp' are integrable

over R if n- G Ap. If / is an interval and ä > 0, let si denote the interval concentric

with I whose length is s | /1. A weight u is said to satisfy the doubling condition of

order ß > 0 if there is a constant c independent of í such that fsI udx < csßjr u dx,

s > 1. It follows easily that any w E Ap satisfies this condition with ß = p, and that

any u of the form u =| qfw where q has degree M and w E Ap satisfies it with

ß = (M+l)p.
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About Hp, we will use the fact that \\Nxl\\pu >s c\\l\\HS if u satisfies the doubling

condition of order ß and X > ß/p. In particular, if m G A , 1 < p < oo, the fact that

Hp and Lp can be identified then shows that II7VX/1| p u =£ cII /1| p u if X > 1. Finally,

we will use the fact that if u satisfies any doubling condition, then a distribution /

whose radial maximal function

M0/(x) = sup |(/,*,(*- -))|
r>0

belongs to Lp for some <i> G S with fR(bdx ¥= 0 also belongs to Hp. Proofs,of these

results may be found in [9].

2. Preliminaries. Let Q and 6D be as in the introduction: that is, let Q(x) —

Uk=x (x — akYk, ak real and distinct, 1"k=x fik = TV, and let

n       V-k a

60 = 65)0=  V    V      nk-i    fi(/-D
¿    ¿   (i- i)i%     '

k=\   l=\    V V-

where Q(x)~x = 2¡J=i 2fAx(Akl/(x — ak)'). As noted in the introduction, we have

(2.1) %((x-y)-l) = (Q(x))-\

Lemma (2.2).

(i) If P is a polynomial of degree M, then 6J)v[(P(x) — P(y))/(x — y)] is a

polynomial of degree at most M — I.

(ii) 1/4, E Cx, then %[(<j>(x) - <b(y))/(x - y)] G C00.

(iii) I/4>ECX and® is any distribution of the form <S = 2"k=x2f±x Bk,8(a[~X), then

®(*Ô) = o.

Proof, (i) (P(x) — P(y))/(x — y) is a polynomial in x, y of degree M — I.

Applying 6¡)v to it produces a polynomial in x of degree at most TVf — 1.

(ii) It is enough to show that (<¡>(x) — <¡>(y))/(x — y) is infinitely differentiable on

R X R. This follows easily from the formula

*ixl~*y)=f*(y+ >(*->))*■
x    y Jq

(iii) It is enough to show each 8^'~])((¡>Q) = 0, 1 < / < ¡ik. By Leibniz's rule,

C)(*ß) = /2   [l~i }U'-l-J\ak)Q^(ak) = 0
7=0   V      J      '

since QU)(ak) = 0 for 0 *zj ^ fik - 1.

Lemma (2.3). If $> E Cx, then Q(x)6i)y[i»(y)/(x - y)] is a polynomial of degree at

most TV — 1.

Proof. It is enough to show that each Q(x)8^/v])[<p(y)/(x — y)], 1 < K ¡xk,

1 < k « n, is a polynomial of degree at most TV — 1. But 8{a'~yX)[<b(y)/(x — y)] is a

linear combination of terms (x — ak)~', 1 < i < /, and since Q(x) contains the

factor (x — akYk, the conclusion follows.
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We use the notation %(x) = 9^(x) = Q(x)Gùf[4>(y)/(x - y)\ for the poly-

nomial in Lemma (2.3). The next lemma shows that ^ is the interpolating poly-

nomial for <j> based on Q.

Lemma (2.4). Let <S be any distribution of the form ® = 2"k = x 1%X Bkl8¡'~l\ If

<t> E C°°, then <¡$>(<p - %) = 0.

Proof. We have

</>(*) - %(x) = </>(*) - Q(x)%[i>(y)/ (x - y)]

= Q(x)%[(<p(x) - <p(y))/(x-y)} = Q(x)xp(x)

for some xp E C°°, by (2.1) and Lemma (2.2)(ii). By Lemma (2.2)(iii), %(QxP) = 0,

and the proof is complete.

Note that since <3^ has degree at most TV — 1, it is the only polynomial of degree at

most TV - 1 with $(4> - %) = 0 for all <$ as above.

We now list properties of 9 and ^D which will be useful.

Lemma (2.5).

(i) // P is a polynomial of degree at most TV — 1, then 6Ùy[P(y)/(x —y)] =

P(x)/Q(x). Equivalently, <$ß(x) = P(x) for such P.

(ii) %(x) = 0 if <bECx.

Proof. Part (i) follows immediately from the uniqueness of ^ mentioned above.

Part (ii) is similar, using Lemma (2.2)(iii).

Lemma (2.6). //<> G S and Q has degree TV, then for any z

f [</>(* -z)~ 9%x_.¿z)]x>dx = 0,       j= 0,...,7V - 1.

Proof. The integral may be written

Q(z)%{fR[<i>(x-z)-<l>(x-y)]xJdx/(z-y)\.

We have fRi>(x — z)xJdx = fR<b(x)(x — z)Jdx — P(z), where P is a polynomial

in z of degree at mosty. The expression above then equals

Q(z)%{(P(z)-P(y))/(z-y)} =0   \l j < N - \

by Lemma (2.5)(i).

Next, we list some relations between the 6D's and ^P's associated with Q(x) and

xQ(x).

Lemma (2.7). (i) If<j> E C°°, then q)xQ(<t>) = 3)e[($(j0 ~ 4><P))/y].

(ii) //> G C°°, then %xQ = %e + öD'ß(^) • Q:

Proof, (i) Note that (<p(y) - <b(0))/y = f¿<¡>'(sy)ds, so that (<j>(y) - <b(0))/y is

also smooth and equals <b'(0) at y = 0. Let 0)(<p) - 6De[(<i>(/) - <t>(0))/y]. Then

both 4) and ty*® are linear combinations of derivatives of delta functions. To show

that °ü(<j>) = óD-*e«>), it is then enough, using the uniqueness of partial fraction
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decompositions, to show that %[l/(x - y)] = ty*Q[l/(x - y)]. However, by (2.1),

%xQ[l/(x-y)] = l/xQ(x), while

<$.
x - y

= 6D,e

= -<s¡)<¡

l/(x-y)-l/x

y

i   \        i

= 6j)ß
1

x(x-y)

x-y)      xQ(x)

by (2.1) again.

To prove (ii), write x = (x — y) + y to obtain

y   \x-y)        ?   \ x-y f y   \ x-y

By (i), the last term on the right equals ty®[<t>(y)/(x — y)], and (ii) follows

immediately by multiplying the resulting identity by Q(x).

By repeated application of formula (ii), we obtain for any positive integer d

d-\

(2.8) %dQ(z) = %°(z) +  2 W+,Q«>) ■ z'Q(z).

7=0

Finally, we list some relations between 9 and ordinary Taylor polynomials.

0)

(Ü)

(iii)

Lemma (2.9). With the usual notation, the following formulas hold:

,=o     '!

"     "*        AL

%Q(z) = Q(z) 2   2 -^-^-^'(z);
k=\ /=i   (z - ak)

n        Ilk a

%Hz) = p(z) + q(z) 2  2      *•'   %y^'(z),
k=\ i=\  (z - ak)

where in (iii), P(z) is any polynomial of degree at most TV — 1.

Proof. By definition,

%°(Z) = Q(z)^[f^]  = Q(Z)2    |   fJ^yK,
i-(y)
z -y

Hence,

9(*-'f(z) = (z- a)1_i-SV-i)l*LA+        (z,     yz     a) y_ ^oay   yz_yy

and (i) follows by direct computation with Leibniz's rule. Part (ii) follows from the

last two formulas by substituting the second into the first. To prove (iii), write

$ = p + (<p - p) to obtain <3>Q = <$$ + <$®_P = P + 9®_P, since P has degree at

most TV — 1. Applying (ii) to the last term on the right gives (iii).
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Formula (iii) may be used to compare 99 to any P of degree < TV — 1. We will
TV

choose P = $£ , the Taylor polynomial of <i> of order TV — 1 around the origin. The

derivatives of a Taylor polynomial satisfy

rN\U)
(%XT = V»~J>       f = 0,...,N-l,

which follows easily for j = 1 from (i) of the last lemma, and for / > 1 by repeated

application of the case/ = 1. Using this and (i) of the lemma, we have

* y = 0  J '

= 2  ±{*U)(ak)-V»~X«k)}(z-ak)J
7=0  J ■

/-i  j r n-j-\ j

*0)(aJ-   2    7r^+0(0)«iK*-**)'•
7 = 0  ^ '   [ i = 0       ' '

Hence, by (iii) of the lemma,

W= 2,¿^' + e(*)¿ 2 -^-ï
7=o      7- fc=1 /=i  (z — ÖA.)

(2.10)

/-i ,   f Af-y-i                       i

•2 jj\*U)(ak)- 2     i^+,)(0)ai (2 - ak)J.
7=0 ^ •   [ i=0      ' ' J

3. Basic estimates. The main results of this section concern estimates for the

interpolating polynomial %¡ix^.y(z) and the remainder <¡>,(x — z) — ($(t¡(x_.)(z)

which are uniform in ? > 0. These estimates are given in Lemma (3.3). We will

obtain tempered tangential (and therefore also nontangential) estimates as corollaries.

Throughout this section, Q will denote a polynomial of degree TV with only real zeros

{ak} and ^ = "3^. Moreover, by Ax, we mean the class of weights w with

| /1 ~ '/, w dx < c ess, inf w.

The following simple preliminary lemma will be useful later.

Lemma (3.1). // <p has TV bounded derivatives and c^ = maxy-=0j_iAr|l4>(-')|l0O, then

!♦(*)-#♦(*)!< cjôoo 1/(1 + 1*1).
Moreover, ifl^p<Gc,wEAp and u = | Q fw, then </> — 9^ belongs to Lp-\/(P-d,

the dual space of Lp, with norm bounded by a constant depending on w times c^. (When

p = 1, we interpret this to mean that (4> — ̂ )/Qw is bounded by a multiple of c^.)

Proof. We have <¡>(x) — %(x) = Q(x)xp(x), where

4>(x) - <p(y)
(3-2) *(*) = %,

x      y
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As noted in Lemma (2.2)(ii) and its proof, xp G C°° and

*ííi^i = /V(« + (l -s)y)ds.
x    y jq

Applying 6DV to both sides and recalling that fy has order TV — 1, we see | xp(x) | «s c^.

Moreover, for large |*|, formula (3.2) gives | xp(x) |< c^ \ x \~x. Combining esti-

mates, we obtain the first statement of the lemma.

For the second statement, as noted in the introduction,

r w(x)
/   ——--dx = cp < oo
JR    (1 + |*|)'

if w G A , 1 < p < oo. The analogue for p — 1 is w(x)~x/(l + | x \) < c < oo.

These easily imply that | Q(x) \/(l + | * |) G Lp'-\/iP-n with norm bounded by c, and

the second statement follows from the first.

Lemma(3.3). Letz andak<)satisfy |z — ak \ = min^\z — ak\. Then

(i) supUl(x-z)-%,x_.)(z)Ucl-
i>0 I í¿(*) I   \x      ak

zif\

(ii) H%,<*-^)|Ho(*liiz\ roo I trW I lz    "*0I

(iii) |f2(*)|<c|ô(z)|,

'/l^-flto^il*-0*«!-
/« a// cases, the constant c is independent of x and z; in fact, in (iii), c depends only

on the degree of Q, and in (i) and (ii) it depends only on Q and the bounds on

(1 + |*|)a+1|<i)(a)(*)|,a = 0,...,TV.

Proof. For (iii), note \x — z\<\x — ako\ +\ak — z | < 3 | z — ak \< 3\z — ak\

for any k. Hence, | * — a¿ | < | x — z\ +\z — ak\<4\z — ak\. Thus, each factor of

| Q(x) | is bounded by 4 times the corresponding factor of | Q(z) \.

It is enough to prove (i) and (ii) in case ak = 0; that this is so follows by denoting

(ra4>)(x) = <¡>(x — a) and observing that

(3.4) %rUQ(z) = {rßF)(z).

Choosey so that \<p(a)(x) | « c0(l + |x|)~a_1 for a = 0,... ,TV. Then | 4"\x) \ =

t-«-1 | ^a\x/t) | < c0(t + | x \)~a~ ' *S c01 x I ~a~ ' for such a. We will first prove (ii)

for * in a bounded set, say | x | < A — 10{max \ak\ + 1}. From the definition of 6D,

y\    z -y

\<t>,J)(x-ak)
«s c max     max     -——

k      0*H+j<nk

cc„ max     max
k    o^i+j<.pik | z - ak \i+  | * - ak \>~
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Since ak = 0 is the closest ak to z, | z - ak |>| z | for all /c. For the same reason,

there is a constant c > 0 depending on Q so that if /t ^ &0, | z — ak \> c > 0.

Moreover, if k = k0, \ z - akJ = | z \ > \ x |/2 by hypothesis. Hence, the last expres-

sion is at most

CCn   Í 1 1Lo
max   max   -— +     max

z | I k¥=ka o<j<iik \x- ak\+x     o<:i+j<nkt | x \i+j+x

Since | * | < A, this is bounded by

cc0 1 . cc0       1
-¡—r max-— < -.—r ,     ,   , , .
iz| ^  i*-flfc|M'   m |g(*)i

Using the definition of ?P, we then obtain (ii) for | x |< A.

To prove (ii) for large | * |, i.e., | x |> A, we apply formula (2.10) to the function

<pt(x — ■), x fixed, to obtain

¡V-l    (_x\j n       V-k a

*«,-•>(*) =   2   L-\LW)(x)z^Q(z)^    2   —^
7=0     ■>■ k=\ l=\  (z - ak)

(3.5)

• s ^=# W - «*) - " 2 ' ̂ ^^(«kIí* - a*y-
7=0        ̂ - [ ;=0 • J

Now | z | is also large since |z|>|*|/2. The first sum on the right of (3.5) is

bounded in absolute value by S^n' c0 | * \~J~l | z p. However,

\x\     \z\ = \-,—r      r~\^c i—r    n
\ Ix I /     \z\     \lxl/   lzl

since/ + 1 ^ TV and | z | > | x |/2. Since | * | is large, | Q(x) \~\x\N, that is, | Q(x) \ is

bounded above and below by positive multiples of | * \N. Also | z \N ~\ Q(z) \, and

therefore the first sum on the right of (3.5) is bounded by cc0 \ Q(z) |/| Q(x) \ \ z \, as

desired.

Consider the second term on the right in (3.5). Since | * | is large, Taylor's theorem

shows that each term in curly brackets is bounded by a multiple of | xp\NX \ evaluated

at a point whose absolute value is comparable to \x\. Thus, each term in curly

brackets is bounded by cc0 | x \~N~ ', and so by cc0 \ x \~N. Also, since | z | is large

and / < / — 1, \z — ak \~I+J «s c \ z \~l+J < c\z \~x. Combining these facts, we see

that for | x | > A and | z | > | x |/2 the second term on the right of (3.5) is bounded in

absolute value by

\Q(z)\ \z\~]cc0\xfN < cc0\Q(z)\/\Q(x)\ \z\.

This completes the proof of (ii).

To prove (i) for | * |< A, write
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Split ^ = tf)° + fyxy where tf)° is supported at akg = 0 and 6P' at {ak} \ {0}. Since

<t>,(x - z) - <p,(x-y) _     /-i

z-y

we have

o/ <P,(x-z) -<pt(x-y)

= -f 4>',(x-y- s(z -y))ds,

^
z -.y

c   max     f \4a+X)(x - sz)\ds
0^a<a,    Jo

(3.6)

c   max    \cfla+l)(x - u)\.
o<a<ßko

M «kl

By assumption,  | u |=£| z |<| x \/2, and  formula (3.6) is  therefore bounded by

cc0max0s:Q<ftfco|x|

as desired. Also,

For |*|<,4, this is at most

CCn   *
-f4„-l

CCn   * Q(X)\

^il<t>,(x- z) -<j>,(x-y)

y\ z-y
c\\4>l(x-z)\+   max    \4"\x - ak)\l

0<a</it

since | z — ak \ > c> 0 for k ¥" k0. This is at most

+     max     | x — a.ccn{  x - z
k; 0«a<(i,

We have | x — z | s* | * | — | z | > | * |/2. Hence, since x is bounded, the last estimate is

at most cc0 max k | x — ak yik, so that

(3-7) 6¡)
ii 4>,(^ ~z) - ^(^ -y)

z - y

1
CCn

Q(x)V
\x \<A.

This is bounded by cc0\Q(x)\ since | x | < ,4, and (i) follows for | x \ < A.

To prove (i) for | x | > A, we use (3.5). Recall that each term there in curly brackets

is bounded by c | <p(tN)(£) I with |f|~|*|> an(l so is bounded by cc0\x\~N~x.

Furthermore, note that the term in curly brackets corresponding to k = k0 is zero.

For k it k0, | z — ak \ > c > 0 and therefore | z ~I+J is bounded since/ < / — 1.

Hence, for | x |> A, the second term on the right of (3.5) is majorized in absolute

value by cc0 | Q(z) 11 * p*"1 < cc01 g(z) |/| ß(jc) 11 * |.

To complete the proof of (i) for | * | > A, it is then enough by (3.5) to estimate the

difference between $,(* — z) and the first term on the right of (3.5). Taylor's

theorem shows this difference is in absolute value at most \z\N \ 4>(,N\0 | for some £

between x and x — z. This is bounded by cc0 \ z \N \ x \~N~ ' since | z | <| x \/2. We

have | x \~N ~\ Q(x) \~x since | * | is large. Finally, | z \N < c \ Q(z) \ since if | z | is

large, | z \N — | Q(z) \, while if | z | is bounded, | z \N < c \ z \ßko < c | Q(z) | since the

other factors of | ö(z) I are aU bounded below by positive constants. This completes

the proof of the lemma.

As a corollary, we obtain the following estimates.
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Lemma (3.8). 7/z and akt¡ satisfy | z — ak¡¡ | = min¿ | z — aA |, //¡en

(o   sup í,+iÍ-JCi)y+1M<-*)-^-)^)|'r-

if\z — ak \<{\x — a¡< \\

e(*)i i*-fl*.l

(*>      sup í/+iÍ-xi)w+1K«-)^)h

¡/ | z — a¿ | > ¿ | * — a¿. |. 77¡e constant c depends only on Q and the bounds on

(1 + |*|)a°+1|^")(*)|,°a = 0,...,Ar.

Proof. Given <p, let xp(u) = <p(u + (£ - *)/*)• Note that

(1 + | « |)-+I|+W(u)| = (1 + | « I)"" Va)(« + U - x)/t)\,

so that the sup over u of the expression on the left is at most (1 + | £ — x \/t)a+x

times a multiple of the sup over u of (1 + | u \)a+x \ <j>(a)(u) \. Since \pt(x — z) =

<p,(ii — z), it then follows by applying Lemma (3.3)(i) to xp that if \z — akg\ =

mink\z - ak\<{\x - ako\,

è-x\\N+x\Q(z)\ 1
\<S>!(è-z)-%,a-.)(z)\<c(l + l-^j^)

Q(x)

Here c depends only on Q and the bounds on (1 + | u \)a+x \ <t>(a)(u) \, a = 0,...,7V.

This proves part (i) of the lemma. Part (ii) follows in the same way from Lemma

(3.3)(ii).

4. Proof of Theorem 1. Let 1 < p < oo, iv G ,4 , g be a polynomial of degree TV

with all real zeros and u =\Qfw. Let

/(*, i) = fRf(z)[<P,(x -z)~ %_■>(*)] dz

and

7Vx/(*) =     sup      [.,'_.)  1/(1,01-

Note that if /G Lp, then by Lemma (3.1), the integral defining f(x, t) converges

absolutely.

For each zero ak of Q, define

Hz) = \M   if|*-«*l=
[ 0 otherwise.

By summation, it is enough to prove the theorem for f — fk . Thus, the estimates of

Lemma (3.3) are valid for any z where/(z) ¥= 0. We may also assume for simplicity

that ak = 0; that we may do so follows by translating variables, using the identity

(3.4), and observing that the condition w(x) E Ap is independent of a translation of

x.
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We have

\su,t)\<(      l/(z)|ku-^)-%,(i-.)(z)Uz
J\z\<\x\/2 ' '

+ / \f(z)\ \4>M ~ z)\dz + f |/(z)| \%ia_.}(z)\dz.

Multiply both sides of this inequality by tx/(t + | * — | |)x, and let ,4(.x), B(x) and

C(x) denote the suprema over (£, ? ) G R2+ of the resulting three terms on the right,

resp. Thus, Nx f(x) < A(x) + B(x) + C(*), and it is enough to estimate the norms

of A, B and C.

By Lemma (3.8)(i), if X > TV + 1,

Ax)<c,„,_\„      f \f(z)\\Q(z)\dz.

Therefore,

\\p.u

ô(*)||*| ■'kl<N/2

/        \f(z)\\Q(z)\dz
J\z\<\x\ \pMx)\x\~

Applying Hardy's inequality in the form

/       g(z)dz
■>\z\<\x\

4s\\p.w, IV

pMx)\x\  "

(see, e.g., [5]), we obtain \\A\\pu <c\\fQ

By Lemma (3.8)(ii), if X s= TV + 1

1

C\\f\\,,u

•—/—/ \f(z)\\Q(z)\-
Q(x) | J\z\>\x\/2

1

as desired.

1

\\C\\p,u^C

Applying the dual version of Hardy's inequality, that is,

/ \S(z)\ \Q(z)\j^dz
J\z\>\x\/2 \Z

f g(z)
J\z\>\x\/2

dz C\\g\\pMx)\x\" , w

(see, e.g., [5]), we get the desired estimate

||C||,,U < c\\f(x)Q(x)/x\\pMx)lxf = c\\f\\p,u.

By Lemma (3.3)(iii),

^W^TTifTT    sup    [t + \È-x\Îl        \f(z)Q(z)\\4>M-z)\dz.
\Q(x)\ a,0eR2+ ' '      I* ' '   •'kl>l^l/2

Enlarging the domain of integration on the right to all of R, it follows that the sup

on the right is at most the usual tempered tangential maximal function of order X of

| fQ | formed with | <f>, | as the approximation of the identity. As noted in the

introduction, this maximal function is bounded on Lp if X > 1 and w E Ap. Hence,

II ̂ II p u<cll/ôH/;,H. = Cll/Hp,u- This completes the proof of the theorem.
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Theorem 1 has a weak-type analogue when p = 1. To state it, we will use the

notation mw(E) = jE w(x) dx for the w-measure of a set E.

Theorem (4.1). Let Q(x), f(x, t) and Nx f(x) be as in Theorem 1, and let w E Ax.

IfX^ TV + landX> I, then

mw{x: Nx f(x)\Q(x)\ > s) < cs'x\\A\XA&w,       s > 0,

where c is independent off and s.

Proof. As in the proof of Theorem 1, it is enough to show that A(x), B(x) and

C(x) satisfy the estimate. For A, we have

Mx)^c \ i \f(z)\\Q(z)\dz,
\Q(x)\\x\J\z\<\x\/2

so that

A(x)\Q(x)\^c~f \f(z)Q(z)\dz<c(fQ)*(x),
\X\ J\x-z\<2\x\

where "*" denotes the Hardy-Littlewood maximal function. Hence,

c

by [6], since w E Ax. We also have

mw{x: A(x)\Q(x)\ > s) < mw{x: (fQ)*(x) > s/c) ^ - f \fQ\wdx,
S Ja

CW^TTïhïf \S(z)\\Q(z)\r^dz.
\Q{x)\J\z\>\x\/2 \Z\

mw{x: C(x) | Q(x) |> s) *z \ f C(x)\Q(x)\w(x) dx
s JR

C- ( \f(z)\\Q(z)\\±-f        w(x)dx\dz.
s JR I Z | •'|x|<2|z|

Thus,

1
S JR

Now using the estimate

1    ç 1    r
-—- j w(x)dx*¡¿-—r / w(x) dx < cw*(z) < cw(z),
\Z I J\x\<2\z\ \Z I J\x-z\<.1\z\

since w E Ax, we see the last expression is at most cs~' II /1|, ,Q, as desired. Finally,

recall that B(x) | Q(x) \ is majorized by a multiple of the usual tempered tangential

maximal function of order X of | fQ \ at *, formed with | <í>, | as approximation of the

identity. Denoting this by Nx(fQ)(x) and using the known fact (see [9]) that if À > 1

and w E Ax, then mw{x: Nx(g)(x) > s} < (c/j)||g|| Xw, we immediately obtain the

desired estimate for B. This completes the proof.

5. Theorem 2. In this section, we prove Theorem 2 and deduce several corollaries.

As usual, we let u —\ Q fw where 1 < p < oo, Q has only real zeros and w E Ap.

We will first show iff E Lp and lfis defined by

(/,,<#,) = jf(z)[<p(z)-%(z)\dz,        <|,GS,
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% = %ö>tfien '/ is a tempered distribution in Hp and

(5.1) \\lf\\m < c\\f\\Li

with c independent off. In fact, by the second statement in Lemma (3.1), it follows

immediately that lf defines a tempered distribution. Moreover, since the Hp norm of

lf is equivalent to the Lp norm of the nontangential maximal function of

(/,, 4>,(x -■)) = fRf(z)[<P,(x - z) - %ilx-.-,(z)] dz,

we obtain (5.1) from Theorem 1.

Now let / be any distribution in Hp, and let l(z, s) = (I, xps(z — •)>= (/ * xps)(z)

for a fixed xp E S with jRxp(z) dz = 1. By hypothesis, the Lp norm of l(z, s) as a

function of z is bounded in s by IIT||W£. Hence, since p > 1, there exist sm -* 0 and

f E Lp so that /(z, jm) converges weakly in L£ to /and ll/llLf < 11/11//?. Our goal is

to show that l—lf-

By Lemma (3.1), </> — "3^ belongs to the dual of 7,/J, so by weak convergence,

(5.2) /r/(z, *„)[*(*) - %(z)\ dz^(lf,<p)

asm-» oo. Let us denote

(l(s),*) = fj(z,s)[<p(z)-%(z)]dz,

(l(s), *) = </ * xps, <>)= f/(z, í)«í>(z) Jz.
•'R

Since /(z, i) G L¡f, 7(í) defines a distribution in /7£ by what has already been

proved. As we will now show, the same is true for !(s). That l(s) defines a

distribution follows from the fact that, for s > 0, l(z, s) is a locally bounded

function of z which is also in Lp: thus, l(z, s) E L('x + ,x,)Npw, while any <i> G S belongs

to the dual space Lft+,x<yNf-w-xnp-v (see the end of the introduction). To see that

ï(s) E Hp, we will show that its radial maximal function

M0(*) = sup \(ï(s),<p,(x- -))\,       <PE%,
i>0

is pointwise less than a constant times the sum of the tangential maximal functions

of / formed from <p and from xp. In fact,

(A», <p,(x -•))=(/* xps * <p,)(x) = f l(z, s)4>,(x - z) dz,

so that given 717 > 0, there is a constant c with

|(/(s),^--))|<4/Rl/(z's)l(1+l£T£L) Mdz

SUp(l+^^)       |/(2,j)|

I* - z| \x/ I* - *' \~M

t JR
1 + J-L       1 + J-L        dz.
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If t «s s and X > 0,

1  fi,      l*-z|\x/        \x-z\\~M 1   /• /        \x-z\\x~M
dz.

which is a constant independent of * and t if M > X + I. This shows that if

M>X+ 1, X>0, then

A

sup I (l(s), <»,(*- -)>|<c sup (l+ií—^i)     |/(z,i)|.
r<j (z,j) ^ ô       '

The expression on the right is the tangential maximal function of / formed from xp.

To obtain an estimate for t > s, we only need to note that / * xps * </>, = (I * <j>,) * xps

and repeat the argument above, obtaining for M > X + 1, X > 0,

sup | (/"(s), <#>,(*- .)>|<csup (l+^-^l     \(l * <t>,)(z)\.
t>s (z,t)   V ' '

Combining inequalities proves the desired estimate for M0(x).

Next, we will show that l(s) — l(s). This will prove that l — l¡ since the fact that

/ xp = 1 implies (l(s), <i>>^ (I, <p) ass ^ 0, while by (5.2), (l(sm), <J>>-» (lf, <f>). Let

lx(s) = /(*) - l(s), so that /, G Hp and

(5.3) (/1(5),^)=f/(z,5)%(z)Jz.
•'r

We want to show that lx(s) = 0. Write

n       P-k

%(z) = Q(z)%[<p(y)/(z-y)]= 2    2. BkJ(z)8«-»4>,
k=\   1=\

where the Bk ¡(z) are polynomials of degree at most TV — 1. Since any such

polynomial is in Lp{+,x^-nPw, we may integrate term-by-term to get

n       P-k

h(') =  2    2.BkJ8i[-x\   where BkJ= fl(z,s)Bk,(z)dz.
k=\ i=\ yR

In particular, /, has compact support and also, by Lemma (2.4), (lx(s), <i> — <3^) = 0.

Therefore, (lx(s), </>> = (lx(s), *-%)+ (lx(s), %)= 0 + (lx(s), %), and we im-

mediately obtain lx(s) — 0 by applying the following lemma.

Lemma (5.4). Let 1 <p < oo and u(x) —\ Q(x) fw(x) where Q is a polynomial of

degree TV with all real zeros and w E A . If lx is a distribution with compact support

such that lx E Hp, then (/,, xk)= 0 for 0 <7fc «TV - 1.

Proof. Assume conversely that (lx, xk)= ck¥= 0 for some 0 « k « TV — 1. Let

p(x) E C°° withp(x)= 1 for |*|< 1, p(x) = 0 for |*|>2 and 0 < p(x) < 1. Set

<f>(*) = xkp(x). Then <pt(x) = t~x<p(x/t) = t~k~xxkp(x/t), and for t large we have

(/„*k>=i-*-'(/I,*WO)=r*-,[(/I,**)-(/I,**(i-p(vO)>]

= rk~xc
k'



456 J.-O. STRÖMBERG AND R. L. WHEEDEN

using the fact that xk(l — p(x/ty) = 0 on the support of /, when t is large. Setting

xp(x) = (p( — x), we see that the function lx(z, t) = (/,, xpt(z — •)> satisfies /,(0, /) =

t~k~xck for large t. Thus,

sup \lx(z,t)\,
rT(x)

l£l
Y

for |x| large.

This, however, contradicts the fact that /, G Hp since for large | x | and k « TV — 1,

(| x \~k~x)pu(x) > c | * \iN~k~X)pw(x) > cw(x), and w(x) is not integrable at infin-

ity. This completes the proof of the lemma.

The only part of Theorem 2 which remains to be proved concerns the uniqueness

of the correspondence between / and /. However, if g E Lp and

//(z)[</>(z) - %(z)\ dz = I g(z)[<t>(z) - %(z)] dz,

for <i> G S, then for any <#> which is zero in a small neighborhood of each ak,

/r /(z)<#>(z) dz = fR g(z)4>(z) dz. Since/and g are locally integrable away from the

a^'s, it follows that/= g a.e. This completes the proof of the theorem.

Corollary (5.5). Let 1 <p < oo and u =| Q \pw where Q has all real zeros and

w E Ap. If I E Hp andl(x, s) = (l*xPs)(x), s > 0, xp E S, then

1.f l(x,s)xjdx = 0,       f = 0,...,N

Proof. As shown in the proof of Theorem 2 (see (5.3) and use the fact that

lx(s) = 0),

fl(x,s)%(x)dx = 0.

Picking 4>(x) = xJp(x), where/ = 0,.. .,7V — 1 and p is a function in S which equals

1 on the support of 6Í, we have 9^(x) = %j(x) = xJ, and the corollary follows.

We remark that Corollary (5.5) can also be derived from Theorem 2 by applying

Fubini's theorem and Lemma (2.6).

Corollary (5.6). Let 1 <p < oo, Q be a polynomial with all real zeros and

w E Ap. Iff E LPqp, 4> E S and /<f> = 1, then

sup
ry(x)

f f(z)U,(y - z) 60Q■>,(>■-■)(z)] dz\

and

are equivalent.

sup
rjx)

f f(z)Q(z)t,(y - z) dz
U

Proof. We have / G LfaPw if and only if fQ E Lp. Moreover, Il/ll^,|ôj^ =

I /oilp w The corollary then follows immediately from Theorem 2 and the fact that

I fQ\\p w is equivalent to the second norm in the statement.
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6. Convergence of/(*, t). In this section, we give a proof based on the estimates in

§3 of the pointwise convergence a.e. of f(x, t) as t -» 0. We also study norm

convergence.

Theorem (6.1). Let 1 «£ p < oo and « = | Q fw where Q is a polynomial of degree TV

with all real zeros and w E A . Let <p satisfy

(6.2) «,= max|(l + |z|)a+,+Va)(z)||00<œ

for some e > 0. /// G L¡¡ and

then

f(x,t)=ff(z)U(x-z)-%CXx_.)(z)
JR t

lim    f(x,t) =    f4>dz)f(x0)
t-o \Jr       I

dz,

\x-xQ\<yt

at any Lebesgue point x0 off where Q(x0) i= 0.

Proof. The proof is a modified version of the usual Lebesgue point proof of the

convergence of approximations of the identity. As usual, we may assume that jc0 = 0

and / </> = 1.

First, consider the case when <j> is bounded and has compact support. Then if t is

small enough and | * |< yt, <¡>t(x — ■) is supported away from the zeros of Q. Thus,

%,(,-) = 0 and

l/(*, 0-/(o)| f [f(z)-f(0)]<p,(x-z)dz
Jf>

If |*|<vi, there exists a constant c so that | <p,(x — z) |< ct  xX(-ct,ct)(z), and

therefore

\f(x,t)-f(0)\<c\f       \f(z)-f(0)\dz,
1 J\z\<ctJ\z\<

which tends to zero with t since x0 = 0 is a Lebesgue point of /. This completes the

proof for this case.

For the general case, write <p(x) — p(rx)<p(x) + (1 — p(rx))<j>(x) — <J>, + <p2,

where p is a smooth truncation defined by p(x) = 1 if | x \ < 1, p(x) = 0 if | x \ > 2,

and p E C°°. For fixed r, <px has compact support and the corresponding extension

fx(x, t) converges to (/</>, dx)f(0) as shown above. Furthermore, as r -> 0, f<j>x dx -»

f<pdx and the constant n^ defined by (6.2) with <> = <i>2 tends to zero. Hence, to

prove the theorem, it is enough to show there is a constant A depending on/and x0

(= 0) such that

sup      \f(x,t)\<An^.
\x\<yt; t<\

Since «4,(.+a)< cn^ if |a|<y, it is enough to show that sup,<, |/(0, t) \<An¿.
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Combining the estimates in Lemma (3.3), we get

n <;>

1 + |z\<t>,(-z)-%i(-.)(z)\^c0\Q(z)\

where c0 depends on Q and *0. We also have

\^(-z)\<n^-\y+\z\/t)

Therefore,

+k(-z)i

]/^<c0/R|/ô|(l + |z|)-,iTz + c0/R|/e|r'(l+^)_1"i7z.
'<> •'R •'R

By Holder's inequality, the first integral on the right is at most

u\\w(z)-l/p(l + \z\yl\\p^A.

Since f~'(l + | z |/i)~ e < cs(l + \ z |) ' if | z |> 5 > 0, the second is at most a

multiple of

f      l/ßlr'il+^r)       fäz+f      \fQ\(l + \z\y'dz.
J\z\<8 V '    / J\z\>8

Of these two integrals, the second was shown above to be bounded by A. The first,

since e > 0, is by well-known facts about approximations of the identity bounded by

a constant times the Hardy-Littlewood maximal function of /ÔX(|z|<8) evaluated at

0. This is bounded by

1   /• 1   /•
c sup - /       \fQ\dz < csup - /       \f\dz « A

s<8   S J\z\<s S<S  S  J\z\<s

for small 5, and the proof is complete.

Theorem (6.3). With the same assumptions and notation as in Theorem (6.1), /(*, t)

converges in Lp norm to (/R<f> dz)f(x) as t -» 0.

Proof. For  l<p<oo, s\ipt>0\f(x,t)\E Lp by Theorem  1, and the result

follows from Theorem (6.1) by the Lebesgue dominated convergence.

Forp = 1, the proof has two steps, the first being to show that

(6.4) ll/(^0ll.,«<c||/l|,,„
with c independent of / and ?>0, u =\Q\w, w E Ax. This is based on estimates

very much like those in §3. We may assume that f(z) — 0 unless \z — ako\ =

min^ \z - ak\ and that ak(¡ = 0. Split the integral defining /(*, t) into parts with

| z | > j * 1/2 and | z | < | * |/2. For the part with | z | > | * |/2,

\*,(x-z)-%ÁX_.)(z)\<\*t(x-z)\+\%Ax_.)(z)\

^  \Q(z)\

Q(

z) I Í 1
— l[\<p,(x-z)\+JJ]
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by Lemma (3.3)(ii) and (iii). The corresponding part of || /(*, t)\\ Xu is then at most

cf    f \f(z)\\Q(z)\[\<pt(x-z)\ + ^-\dzw(x)dx.
JR [J\z\>\x\/2 \ I2 | /

By Fubini's theorem and the fact that \x — z|<3|z|if|*|<2|z|, this is at most

cf \f(z)\\Q(z)\   f \<pt(x - z)\w(x) dx + ±-f w(x)dx
Jw Jo Z    /iv-,i^iu

dz
'|x-z|<3|z|

<cf \f(z)\\Q(z)\w*(z)dz.
JR

Since w E Ax, we have w*(z) < cw(z) for a.e. z, and therefore the last integral is at

most ll/llj,„-
For the part of/(*, t) with | z |<| * |/2, | * | < A, we claim

|*,(* - z) - %ÁX-.y(z)\<c(\ Q(z) l/l Q(x) \)[xp,(x - z) + 1],

where xp(x) = (1 + | * |)_l_e. In fact, combining (3.6) and (3.7) we get the bound

c\Q(z)\ max   t -a-2

0«a< Pk„ ('♦¥)

-a — 2 — e

+

Q(*)\

However, since (1 + |x|/r)_a_1 < (| * \/tya~x,

r«-2(\ + | * \/tya-2-< < xp,(x) \x\-"-x< xp,(x) I Q(x) y ',

since | Q(x) |< c \ x |'1*o < c | x \a+x if a + 1 < ¡ik and | x |< A. The claim above

now follows immediately from the fact that xpt(x) and xpt(x — z) are comparable for

| z | < | x 1/2. The corresponding part of || /(*, t)\\, „ is then at most

cf f |/(z)||e(z)|(^(*-z)+l)i/z
'\x\<A    ■'|Z|<N/2

¡>(x) dx

cf \f(z)\\Q(z)\   f xp,(x - z)w(x) dx + f      w(x)dx
J\z\<A/2 JR J\x\<A

dz.

The two inner integrals are bounded by cw*(z) for |z|<,4/2, and the entire

expression is at most II / II x u since w E Ax.

Finally, for the part of f(x, t) with | z \< \ x \/2, \ x \ > A, we claim

|*f(* - z) - 6»Wx_.,(z)| < c(| Q(z) I/ Q(x) \)xp,(x - z),

where xp is as above. In fact, as shown in §3, we have the bound c \ Q(z) \ \ <P(,N)(t;) \

where 111 ~ | * |. Thus

\*r(s)\<crN-\\ + \x\/tyN-l-<

<cxp,(x)\Q(x)f\

since | Q(x) |~| x \N for large | x |. This implies the claim, and the corresponding

part of II /(*, /)|| | „ can be easily estimated as before. This completes the first step of

the proof.
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Pick g E C°° with compact support away from the zeros of Q and ||/— gll1>u

small. That such g exists follows from the local integrability of u: in fact, we may

successively approximate / by bounded functions with compact support away from

the zeros of Q, continuous functions with such support, functions that are poly-

nomials on the intervals on which they are supported, and finally functions g of the

type desired. To complete the proof, we may assume j<j> = 1 and show that

f(x, t) -> f(x) in L\. We have

\\f(x,t)-f(x)\\Uu

<||/(*, i) - g(x, i)||,,„ +||g(*, 0 - g(x)\\x,u +\\g(x) -/(*)||,,„

<2||/(*)-g(*)||1,u+||g(*>0-g(*)||1,„

by (6.4), and it is enough to show g(x, t) -> g(x) in norm.

We will first show that g(x, t) converges uniformly to g(x) on compact sets away

from the zeros of Q. Write

g(x,t)= f g(z)4,,(x - z) dz - f g(z)%i(x_.)(z) dz.

The first term on the right converges uniformly to g(x) on compact sets. In the

second term,

\%,ix-.)(z)\<c    max     \<p^(x-ak)\
' ' k; O^tKfij

since | z — ak \> c > 0 for all k if g(z) ¥= 0. If x is also bounded away from every ak,

\%ax-,(*)\<c max r-^i + r*)—1-^*;

and therefore the second term above converges uniformly to zero away from the ak's

as t -» 0. It follows that the part of II g(x, t) — g(x)\\, u with x in a compact set away

from the ak's tends to zero with t.

The part of II g(x, t) — g(x)\\ Xu with x in a small neighborhood of some ak is at

most

f \g(x,t)\\Q(x)\w(x)dx+ f \g(x)\\Q(x)\w(x)dx.
J\x-ak\<8 J\x-ak\<8

The second term is independent of t and small with 8. To estimate the first term,

note that if g(z) =£ 0 then z is bounded and away from all the a^'s. Since * is very

near ak,

W(x-z)-%.xJz) 1 +     max     y,a)(x - a¡)\
j; 0<o<Hj ' '

i i ~tf— ^ i ^./    \ i ~ '

<c  max    \x — ak\ <c\Q(x)\
0<a<ßk

Hence, | g(x, t) |< c||g||, | Q(x) \~x, and the first term above is bounded uniformly

in t by c/|x_fli|<8 w(x) dx, which is small with 8.

Finally, for | x \ large and | z \ bounded, as noted in the first half of the proof,

|d>,(x-z) -%,(;c_.)(z)|^c^(^)le(^)r1-
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Hence, | g(x, t) |< cxpt(x) \ Q(x) |   ' for large | x |. Since g(x) - 0 for \x\> M, the

part of ||g(*, t) - g(x)\\x „with |*|> M is at most

cf      xp,(x)w(x) dx < et* f        -^
J\x\>M J\x\>M | *

This tends to zero with t, and the proof is complete.

ll+e
dx.

\\p

ell

7. Theorem 3. In this section, we prove Theorem 3 and identify the embeddings of

Lp in Hp which are the identity on Hp. Let 1 <p < oo, d be a positive integer and

u = (1 + x2)dp/11 g fw, where Q has all real zeros and w E A .

First observe that ll/ß*'llLi < dl/llp „, i = 0,...,d— 1, since by Holder's in-

equality,

(7J) <\\A\P,u\HxyUp(i + \x\)-\-.xunp,u,

i = 0,...,d — 1. This shows that the moments /R fQx' dx, i = 0,... ,d — 1, are finite

iffELP..
If / G Lp, then/belongs to both Lfa?w and L^dQy,w. By Theorem 2, it follows that

/corresponds to /, G HfQÏ>K and l2 E HfxdQ^w:

(lx,<t>) = fj(z)[<p(z)-%C(z)]dz,

(l2,4>)=ff(z)L(z)-%^(z)}dz,
JR t 1

liyflS^rw^cllylltf.'ill//, l¿í.

Thus,

(/„*>- </2,<»> = //(z)[%^(z)-%e(z)
'R

d-\

dz

=  ï6Ùx'+,Q(<P)ff(z)Q(z)z-dz
¿=0

by (2.8). Assuming that the moments of fQ of order 0,... ,d — 1 vanish gives /, = l2.

Calling this common value /, we see that / belongs to both HPQ,Pw and HPxdQy,w, and

therefore to Hp with ||/1|m < ell / II¿,.

Conversely, if / G Hp, the nontangential maximal function of / belongs to both

l\q\>w and L\x"oyw By Theorem 2, there exist/and g, II / II ̂  « c||/1| „,, || g|| ¡¿^

< c||/||//P, such that

dz.</,*> = //(z)[*(z)-6»e(z)]ife>        </,<f>> = /g(z) *(z)-6>;'ß(z)
R R *- J

Choosing <f> to vanish near the zeros of xdQ, we obtain 9? Q — ̂ 9 = 0 and

/r S(z)<t>(z) dz = fRg(z)<p(z)dz. Therefore, f- g a.e., Il/ll¿¿« c\\l\\L¡,, and if we

take the difference of the two formulas for (/, $) we obtain

f S(z)[%*jQ(z) - %Q(z) dz = 0,       <p



462 J.-O. STRÖMBERG AND R. L. WHEEDEN

Pick p G S, p(x) = 1  near the support of 6Dx''e, and let <í>(x) = x'Q(x)p(x),

i = 0,..., d — 1. Then

%jQ(z) - 9f(z) = 9$(z) - %%(z) = z'Q(z) - 0 = z'Q(z)

by Lemma (2.5)(i) and (ii). Therefore, /R f(z)z'Q(z) dz = 0, i = 0.d— 1, and

the theorem follows.

Theorem 3 is valid for Q = 1 if we adopt the convention that the interpolating

polynomial <3^ is zero in this case. This follows by checking the proof. Note that a

function/ satisfies/G L^x+xi)dP/2^Q]pw with the moments of fQ up to order at least

í7 — 1 all zero if and only if the function g— fQ satisfies g E LPx+xiyP/iw with the

moments of g up to order at least d — 1 all equal to zero. Hence, we obtain the

following (cf. Corollary (5.6)).

Corollary (7.2). Let 1 < p < oo, d be a positive integer, Q be a polynomial with

all real zeros and w E Ap. If f E 7/j + W2)<v/2|er»M, and the moments of fQ of order

0,..., d — I all vanish, then

sup
ry(x)

fs(z)k(y-z)-%%_.)(z) dz

L'\+\Ahdp/2\Q\p"

and

sup
TJx)

f f(z)Q(z)4>,(y - z) dz
Jo

^-fi + W2)*/2»'

are equivalent //<f> G S, j <j> = l.

Corollary (7.3). Under the same assumptions as in Theorem 3, there is a

continuous linear embedding f -» f — kfofLp onto Hp which is the identity on Hp and

which satisfies

f kfQx'dx= f fQx'dx,        i = 0,... ,d - 1.
•'r •'r

Conversely, any continuous linear embedding of Lp in Hp which is the identity on Hp

has this form.

Proof. As noted in (7.1), WfQx'W^ « c\\f\\p „ for / = 0,...,d- 1. Pick tj, G S,
/ = 0,...,d— 1, with fRr¡fx)Q(x)xJdx — 8tj, where 8tJ is the Kronecker 8. That

such Tj; exist can be seen as follows. First, we use Lemma 2.6, p. 182 of [2] to pick

vi E C0°° with support away from the zeros of Q such that /„ v¡(x)xJ dx = 8tJ, and

then we set tj, = vJQ. Let

d-\

gf(x)=  2 %(x)f f(t)Q(t)fdt.

Then llg/ll,,.<c||/||,iB and fRgfQx'dx = JRfQx'dx, i = 0,...,d~l. Hence,
f- gfE Lp with || / - gf\\p¡u < c|| / \\PiU, and the first d - 1 moments of (/ - gf)Q

vanish. Therefore, / - gfE Hp by Theorem 3,  and since gf = 0 if f E Hp by
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Theorem 3 again, the mapping / -> / — g¡ is an embedding of Lp into Hp which is

the identity Hp.

Conversely, let S be any embedding of Lp in Hp which is the identity on Hp. If

/ G Lp, choose g7 as above. Then/ - gf E Hp, so S( f - gf) = / - gf, Sf = f - (g,

— Sgj). The function gf — Sgf belongs to Lp with norm bounded by a multiple of

the norm of/, and for i = 0,... ,d — 1,

J (gf- Sgf)Qx' dx=j gfQx¡ dx- j SgfQx' dx
R R R

= f SQx* dx-0= f fQx' dx,
JR JR

by Theorem 3 since Sgf E Hp. This completes the proof.

8. Density theorems.

Theorem (8.1). Let Q be a polynomial with all real zeros. If 1 <p < oo and

w(x)(l + | * \)~M is integrable for some M, then the class of g E S with /R g(x)xJdx

= 0 forj = 0,...,N - 1 is dense in Lp,u=\Q fw.

Proof. Since w(x)(l + | * \)~M is integrable, S C Lp. Since u is locally integrable,

S is dense in Lp (see the related statement for p — 1 in the proof of Theorem (6.3)).

Hence, it is enough to show that functions in S can be approximated in Lp by such

g-
Let Pkt(x) be the polynomials of degree TV — 1 with

(8.2)   ^) = ôW^)=ii|^U4     oes.

The Pkj of course depend on Q but are independent of <>. Moreover, for k' ¥= k,

PkJ(x) has a zero of order p,k, at * = ak,. Let t?,(x), i — I,...,TV, be C00 functions

supported in [—1,1] with fVLi\i(x)x'~xdx = 8iJt j = 1,...,TV, where 8¡j is the

Kronecker 8: that such r\i exist was noted in the proof of Corollary (7.3). Given

/ G S, let

ck,i= f S(x)Pky,(x)dx,       k=l,...,n,l= l,...,nk,
JR

(8J) "     "* lx-a  \
fr(x) = fix) -  2    2ckJJ^—^)r-',       r>0.

k=\   1=\

We claim that/. G S, /R fr(x)xJdx = 0 for/ = 0,... ,7V — 1, and/, converges to/

in Lp as r -> 0. That / G S is obvious. For the norm convergence, it is enough to

show that

/U^lV'CM
\P

w(x) dx -» 0

as r -» 0 for A: = 1,...,« and /= 1,...,^^.. But ^/((x — ak)/r) is supported in

I* —afc|<r, where \ Q(x)\< cr>ik. Hence, the last integral is at most

cr(-'lk~^pj^x_a^<r w(x) dx, which tends to zero with r since fik — I > 0.
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To show jRfr(x)xjdx — 0 for/ = 0,...,7V — 1, note that {Pkj(x)}k, spans the

space of polynomials P(x) of degree at most N — 1: in fact, by Lemma (2.5)(i) and

(8.2),
n       M*     p(/-l>(       \

(8.4) P(x) = 9ß(x) =22     (I_UY Pk,,(x)
k=\ l=\     v      <■)■

for such P. Thus, it is enough to show that

(8.5) f fr(x)Pk,j.(x) dx = 0
JR

fork' = l,...,n,l' = l,...,fik.. We have

ffr(x)Pk,j.(x)dx
JR

"     >lk        t I x — a  \

=    f(x)Pk,J.(x)dx-  2    2ckJPk.J.(x)1,l(——±)r-'dx
JR k=] /=,      •'r \      r     I

= ck',r-  2    2 Ck.if Pk>Ax)-nA—-A)r-'dx.
k=\ /=i      J°- \      r     I

We will show that for k — l,...,n and / = 1,... ,p.k,

from which (8.5) follows. Let ik ¡(x) - i\¡((x — ak)/r)r~'. Changing variables and

using the definition of f]h we obtain

(8.6) fTkJ(x)(x-ak)J-ldx = 8Lj,
JR

k — 1,...,«, /= 1,.. .,7V,/ = 1,.. .,7V. As noted earlier, if A:' ¥= k, Pk,,, has a zero of

order p.k at ak, i.e.,

J>P-k

Therefore, ifk'^k and / = 1,... ,fik, (8.6) implies

(8.7) fpk.r(x)Tkl(x)dx = 0.
JR

If Â:' = Â:, (8.4) gives

n P-k"

(x - ak)'-X =22 «k»,rPk»Ax) + 7y,.(*).
A"=i r=i
k"¥=k
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Thus,

f pk,r(x)rkj(x)dx
Ja

= / (x - ak)'   lTk,(x) dx -   2   «*»./" f Pk'Ax)rk¡l(x) dx
JR k-r JR

k"*k

= 8,r - 0 = 8IP

by (8.6) and (8.7). This completes the proof of the theorem.

The conclusion of Theorem (8.1) can be obtained in another way under the

stronger assumptions that 1 < p < oo and w E Ap. As noted at the beginning of the

proof of (8.1), it is enough to show that functions in S can be approximated in Lp by

functions in S whose moments up to order TV — 1 vanish. Consider the extension off

defined in Theorem 1 :

S,(x) = f f(z)Ut(x -z)- $?Ax-.y{z)\ dz.
JR t J

If /, <p E S, it follows from the definition of 9 that/ G S. Moreover, by Corollary

(5.5) (or Lemma (2.6) whenp = 1),/ satisfies the required moment condition, and if

we choose <i> with /R</> = 1, then by Theorem (6.3),/ converges to/in norm as / -» 0.

Thus, ft satisfies all the requirements.

Theorem (8.8). Let Qbe a polynomial with all real zeros. If 1 < p < oo and

(8.9) lim   —- /    w(x) dx = 0,
m-*oo   m    * — m

then S00 is dense in Lp, u =| Q fw.

For the proof we need the following fact.

Lemma (8.10). Let 1 < p < oo, / be a nonnegative integer, and u be a nonnegative

function with

1       rm
lim   ———- /    u(x)dx = 0.

/// G S and fR f(x)xj dx = 0,/ = 0,..., i, then there is a sequence of functions in S00

which converges to f in Lp.

This is a special case of Theorem 6.13 of [7].

To prove Theorem (8.8), first note (8.9) implies that for m > 0,

f       ^&<c(2-rJ'.
•'2'"'í|x|<2m + ,   \x\

Adding these inequalities for m > 0 and using the local integrability of w shows that

w(*)(l + | * \)~M is integrable for M > p. To complete the proof, we only need to
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combine Theorem (8.1) with Lemma (8.10) for / = TV — 1 and u =\Q fw, noting

that

—-/_   \Q(x)\w(x)dx<-^f    w(x)dx^0
myN+*>,

as m -» oo by (8.9).

Corollary (8.11). Let Q be a polynomial with all real zeros, 1 < p < oo, w E Ap

and u = \Qfw. Then S00 is dense in Lp.

Proof. Since w E Ap, it satisfies the doubling condition of order p,

w(x)dx^cmpf    w(x)dx,       m>l.
- i

If p > 1, the fact that w E Ap_e for some e > 0 (see [6]) then implies that (8.9) holds,

and the corollary follows.

The density theorems above have analogues for LP. when u has the form u —

(1 + | x \2)dP/21 Q fw where d is a positive integer.

Theorem (8.12). Let 1 < p < oo, d be a positive integer and u =

(1 + | * p)^/2 | Q fw, where w is a nonnegative function such that w(x)(l + \ x \)~M

is integrable for some M and w(xyx/p(l + \ x |)~' G Lp. Then the class of g in S

with fR g(x)xJ dx = 0 for j = 0,..., TV + d — I is dense in the subspace of Lp off with

/r SQx' dx = 0fori = 0,...,d- 1.

We remark that the assumptions on w are true if w G Ap.

Proof. Recall from (7.1) that WfQx'\\L, <c\\f\\LS,i = 0,...,d- 1.

This shows that the moments /R fQx' dx, i: — 0,...,d — 1, are finite if / G Lp and

that if/, -» /in Lethen

( f„Qx' dx - f fQx' dx,
JR JR

i = 0,...,d- 1.

We first show that if /G Lp and /R fQx1 dx = 0, i = 0,...,d - I, then/can be

approximated in Lp by g G S with /R gQx' dx = 0, i = 0,.. .,d — 1. In fact, pick

/„ G S with/, -» /in Lp, and let

«,(*)=/.(*)- 2 nMffMQUWdt,
i=o       ■'r

where {tj,} is chosen with rj, G S and fRi]j(x)Q(x)xidx — 8¡¡. (See the proof of

Corollary (7.3).) Clearly, g„ G S and

/ gnQx>dx = f fnQxJdx - f fnQt'dt = 0,
•'R •'R •'R

j = 0,...,d- 1. Moreover, the facts that /„ ^ / in Lp, r/, G Lp and /R f„Qt' dt -»

/r /Ô'' A = 0, i = 0,... ,</ — 1, show that gn -» /in L^, as desired.

Thus, it is enough to prove the theorem for/ G S. Let gr be the function/ defined

in (8.3) but now formed using xdQ(x) as generating polynomial. Then, as shown in

the proof of Theorem (8.1), g,6§, the moments of gr of order < TV + d — 1 vanish,

and g, -> f in L]pxäQ]pw as r -» 0. Since w < c[| g fw + | x^g p'w], the proof of the

theorem will be complete if we show that gr also converges to / in Lf^w. Let /.
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denote the function in (8.3) formed with Q as generator and the same {r/,} as for gr.

Then/ ^>/in LfQ^,w, so we will be done if we show that/ = gr. However, it follows

easily from (8.2) and (2.8) that those polynomials Pkl for xdQ with k — l,...,n,

I = 1,... ,nk, differ from the corresponding PkJ for Q by linear combinations of the

xjQ, j — 0,...,d — 1, while those Pkl for xdQ with k > n or l>nk are linear

combinations of the xJQ. Hence, since /R fx'Qdx — 0 for j = 0,...,d— 1, we

obtain / = gr.

Theorem (8.13). Let 1 <p < oo, d be a positive integer and

u=(l + \x\2)dp/2\Qfw,

where w is a nonnegative function such that w(x)~]^p(l + | x \yx is in Lp and (8.9)

holds. Then S00 is dense in the subspace of Lp of f with fRfQx'dx = 0 for

i = 0,...,d- l.

Proof. This follows from the previous theorem by using Lemma (8.10), with ;

there taken to be TV + d — 1, in the same way that Theorem (8.8) follows from

Theorem (8.1).

Corollary (8.14). // 1 < p < oo, d is a positive integer and u =

(1 + | x \2)dp'/2 | Q fw with w E Ap, then S00 is dense in the subspace of Lp off with

/r fQx' dx = 0 for i = 0,... ,d — 1. In particular, the closure of §00 in LP. is this

subspace.

Proof. The first statement follows as in the proof of Corollary (8.11). For the

second, note that if/is in the closure of §00, then there exist/, in S00 such that

/„ -» / in Lp, and therefore, /R f„Qx' dx -» /R fQx' dx, i = 0,... ,d — 1. Since the

integrals on the left all vanish, so does the one on the right.
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